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Sensitivity of Trajectory Prediction in Air Traffic Management
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Trajectory prediction in air traffic management computes the most likely or the most desirable aircraft trajec-
tories by using models of aircraft performance and atmospheric conditions, as well as measurements of aircraft
states. In comparison, actual trajectories are obtained using feedback control from a pilot or autopilot to track
flight objectives, while the aircraft flies through an actual atmosphere. This paper introduces the concept of closed-
loop sensitivities, which are defined as differences between actual and computed trajectories per unit of modeling
errors, in the presence of pilot/autopilotfeedback controls. Modeling errors are expressed as uncertain parameters
and/or uncertain functions. Pilot/autopilot control actions are approximated by nonlinear feedback control laws,
designed with the method of feedback linearization. Both the aircraft equations of motion and the feedback control
laws are linearized around computed reference trajectories, and these linearized equations are used to determine
expressions for closed-loop terminal sensitivities. The proposed method is applied to the Center/Terminal Radar
Approach Control (TRACON) Automation System as well as flight management systems.

Nomenclature
a = speed of sound
Cp,Cy = drag and lift coefficients, respectively
D = aerodynamic drag
da(t) = uncertain time-varying disturbance
F = aircraft dynamic equations
G = pilot/autopilot feedback control laws
g = gravitational acceleration
hy, h, = inertial and pressure altitudes, respectively
L = aerodynamic lift
M = Mach number
M = generic error source
m = aircraft mass
my = fuel flow rate
p = static air pressure
p = uncertain parametric error
[0 = measurements of initial conditions
N = aircraft reference area
s = ground path distance to destination
T = engine thrust
t = time
u = control vector
Veas = calibrated airspeed
V, = ground speed
V. = true airspeed
W,, W,, W, = wind components, east, north, and up,
] o respectively
Wy, W,, W, = wind acceleration components
x = state vector
x* = reference trajectory state vector
X1, Y1 = east and north positions, respectively

z = computed (predicted) trajectory
= angle of attack of the engines
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Ya> Vi = air-mass and inertial flight-path angles,
respectively

K = throttle setting

" = bank angle

0 = air density

® = state transition matrix

Xas X1 = air-mass and inertial velocity headings,
respectively

¥ = segment termination condition

Od,poxou = partial derivatives

Osi = sea level conditions

Introduction

NCREASING nationwide air travel has severely burdened the

current air traffic control (ATC) infrastructure and created a
heavy workload for air traffic controllers. At the same time, ris-
ing fuel prices, airline competition, and environmental concerns
have heightened the need to save fuel. It has become increasingly
important to develop ATC automation systems to assist controllers
in guaranteeing safety, increasing airport throughput, and reducing
aircraft delays.

Over the lastdecade, researchersat NASA Ames Research Center
have been developing an air traffic control automation tool called
the Center/TRACON Automation System (CTAS).!=3 CTAS can
assist air traffic controllers in both en route (center) and terminal
areas [terminal radar approach control (TRACON)] by providing
computer-generated flight advisories. These advisories guarantee
safe separationof aircraftand produce an expeditious flow of traffic.

CTAS includes two essential functions: trajectory synthesis and
scheduling.' Trajectory synthesis first computes nominal flight tra-
jectoriesforall aircraft withinaregion.>~'° Based on estimated times
of arrival and the range of achievabletimes derived from these com-
puted trajectories, the scheduler generates an efficient landing order
and landing times to minimize average aircraftdelay and controller
workload >!'~13 Next, trajectory synthesis recomputes the trajec-
tories, iterating on speed, altitude, and lateral path as necessary to
meet the scheduled landing times and to ensure separation among
aircraft.'*!> Finally, CTAS extracts advisories from the trajectories
for each aircraft in terms of heading, speed, altitude, and top-of-
descent location and displays the advisories to the controllers.

In addition, onboard flight management systems (FMS) use tra-
jectory synthesis methods to develop optimal flight trajectories that
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reduce fuel consumption 3 19=2° Feedback guidance is employed to
track the optimal trajectories.

For both CTAS and FMS, trajectory syntheses use models of air-
craft performance,atmosphericconditions,and pilottechniques.On
the other hand, actual aircraftare flown in real conditions where pi-
lot or autopilotfeedback control tracks certain features of computed
trajectories. The differences between actual and computed trajecto-
ries reflect the accuracy of trajectory predictions. Knowledge of
how trajectory prediction accuracy is sensitive to modeling errors is
valuable to the designers and users of systems based on trajectory
prediction.

In the past, both nonlinear simulations and flight tests were
conducted to analyze the differences between actual and computed
trajectories. Williams?"-?> and Williams and Knox?® examined the
effects of constant mismodeled winds and mismodeled idle thrust
on computed trajectories by regenerating computed trajectories, as
well as the effects on actual fuel and time penalties with a trajectory
tracker. Scientists at Seagull Technology, Inc., have conducted sev-
eral studies on aircraft trajectory prediction errors and the impact
of the errors on the efficiency of air traffic flow®*~? using Monte
Carlo simulations. NASA and the Federal Aviation Administration
have cooperatively conducted flight tests to investigate trajectory
prediction accuracies and sources of errors using the NASA trans-
portsystems research vehicle and operating airline flights by United
Airlines, Mesa Airlines, and Mark Air. The experiments were based
out of the Denver Center during the fall of 1994 and 1995 as part of
an evaluation of the CTAS Descent Advisor system. The results of
these experiments are described in Refs. 29 and 30.

In other related work, Izumi®! considered the effects of different
trajectory generation algorithms on airport throughput and system
efficiency. Chatterji et al.*? studied the sensitivity of ground speed
to atmospheric errors. Bolender® reported the variations in CTAS
predictions of estimated times of arrival at the Denver Stapleton
Airport and considered the inaccuracies in the radar measurements
of ground speed and heading and wind variations as the causes of
the observed variations. Williams and Green* described a research
FMS developed at NASA Langley Research Center that includes
four-dimensional trajectory tracking algorithms used to control an
aircraftto a desired time of arrival. The method is based on comput-
ing a predicted error in arrival time and using feedback to control
the arrival time. Morton®> developed a method of studying trajec-
tory dispersion with known control laws based on linearization of
the dynamics and used the method to study booster vehicles with a
terminal condition of fuel exhaustion.

This paper presents a method that can determine the effects of
individual error sources on trajectory prediction accuracy. Specifi-
cally, a concept of closed-loop sensitivity is proposed, which mea-
sures the variations of trajectory differences with respect to individ-
ual modeling errors in the presence of pilot controls. Various mod-
eling errors are described as uncertain parameters and/or uncertain
functions. Pilot or autopilot feedback control actions are expressed
as equality constraints. Equations of motion are linearized along a
reference trajectory, whereas control variations are eliminated by
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using the linearized constraints. As a result, differences between ac-
tual and reference trajectories due to modeling errors are governed
by a set of linear differential equations with time-varying coeffi-
cients. This set of linear equationsis used to obtain expressions for
closed-loop sensitivities. Numerical examples are then presented
that describe the trajectory sensitivity for several different methods
of feedback control during an aircraft descent.

This paper presents selectedresults from Ref. 36. Interestedread-
ers may contact the first author for a copy of that paper.

Problem Statement

Figure 1 shows a typical airline flight, along with the ATC facil-
ities that are responsible during different portions of the flight.

A key component of CTAS is the trajectory synthesizer, which
predicts the flight paths of all aircraft within a specified region.
Figure 2 shows the environment of CTAS trajectory prediction,
where sources of errors are shown in italics. A similar diagram
can be drawn for FMS and is omitted for brevity. Because of vari-
ous modeling errors, actual aircraft trajectoriesx are different from
predicted (computed) trajectoriesz.

An important factor in studying the trajectory differences is that
pilots or autopilots follow certain features of computed trajectories.
Therefore, a concept of closed-loop sensitivity is defined as the
difference between the actual trajectory and the predicted trajectory
per unit of an error source, in the presence of pilot or autopilot
feedback control. If M represents a certain error source, closed-
loop sensitivities can be stated symbolically as

0x —2)
oM

This paper presents a method to compute these closed-loop sensi-
tivities.

M

Equations of Aircraft Motion

It is assumed that actual aircraft trajectories are contained in
the three-dimensional point-mass equations of motion for a generic
commercial aircraft listed next:

mV, =Tcosa,—D—mgsinyu—mWV 2)
mV,cosy,x,s = (T sing, + L) sinpu — mWX 3)

mV,y, =(Tsinozt+L)cos;L—mgcosy,l+mWy “)

X; =V,cosy,sinx, + W, 5)
yr = V,cosy, cos x, + W, 6)
hy =V, siny, + W, 7
m=—-myM,h,, T) (8)

Lift and drag are given by

L=1pvSC,, D =1pv2sC) )
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Fig.1 Typical commercial flight procedure.
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where

Cp =Cp(C, M) (10)
Fuel flow rate is a function of Mach number, pressure altitude, and
thrust as shown in Eq. (8). Wind components along the velocity

vector are given by
Wy, £ cos Ya Sinx, WX + cos ¥, €os X, Wy + siny, w, 1)
WX £ cos x, W, — sin x, Wy (12)
Wy 2 §in Ya SIN X, W, + sin Ya COS X4 Wy — COS Y, W, (13)
Controllers and pilots often use variables such as Mach num-

ber, calibrated airspeed, etc., to specify flight trajectories. Relations
between these variables and the state variables are given next:

Elements of Solutions

Error Sources

Many error sources cause the actual trajectoriesto differ from the
computed trajectories, as shown in Fig. 2. These error sources can
be grouped into three basic categories: numerical solution errors,
equation approximations, and modeling errors. 1) The use of nu-
merical schemes such as the Runge-Kutta integration method will
unavoidablyintroduce numerical solution errors. 2) Trajectory syn-
thesis algorithms for CTAS and FMS must be reliable and fast, as
well as sufficiently accurate. As a result, the preceding equations
are simplified to achieve a balance between accuracy and compu-
tational speed. 3) Finally, trajectory synthesis uses aircraft perfor-
mance models, weather models, and measurementsof aircraftstates.
Errors in these models and measurements will be called modeling
errors or external errors.

Correspondingto the three error sources, four different trajectory
concepts can be defined. As shown in Fig. 3, a computed trajectory
z is the output of a trajectory prediction program such as the CTAS

Veas = ﬁas] trajectory synthesizer or an FMS. A synthesis trajectory z* repre-
| sents the ideal solution of a trajectory synthesis problem, if there
7 3 7 are no errors in the numerical solution process. An actual trajectory
X ((p/pg]){ [(Vf/Saz) + 1] 21 } + 1) —1 (14) x is flown by an aircraft in following the control objectives consis-
tent with those used in the trajectory prediction. Finally, a reference
M =V,/a (15) trajectoryx™ is generated by the three-dimensionalpoint-massequa-
tions of motion with the pilot/autopilot feedback actions but with
V, =2+ y? (16) no external errors. Therefore, differences between computed and
synthesistrajectoriesreflect the effects of numerical solution errors.
tany, = h;/V, 17) Differences between synthesis and reference trajectories reflect the
effects of equationapproximations.Finally, differencesbetween ac-
tan x; = x;/y; (18) tual and reference trajectoriesreflect the effects of external errors.
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As alluded to in Fig. 3, external errors represent the major
factors that cause the actual trajectories to differ from computed
trajectories’’ and are therefore the focus of the analysis method de-
veloped here. In other words, this paper determines expressions for
the following closed-loop sensitivities:

dx—x*)  dx—2)
oM oM

External errors can be mathematically expressed as either un-
certain parameters p or uncertain time-varying disturbances d (7).
Sometimes, a given error source is studied both as a parameter and
as an input function. As a result, the dynamics of aircraft motion in
Eqs. (2-8) can be expressed symbolically as

(19)

x = Flx,u,d@),p] (20)

where the state vector is x = [V,, x4, Vu, X1, Y1, By, m] and the
control vectoris u = [T or «, C,, u]'. External errors d(¢) and p
will be specified later in numerical examples.

Flight Procedures and Pilot Feedback Controls

A typical commercial flight consists of a series of segments, as
shownin Fig. 1. These segmentscan be defined by control objectives
and termination conditions designed to be flyable by a pilot or an
autopilot. There are three categories of vertical control objectives:
1) speed (calibrated airspeed, true airspeed, Mach, ground speed,
or arrival time), 2) flight path (altitude, altitude rate, or flight-path
angle), and 3) throttle control. Each vertical flight segment is de-
fined by choosing exactly two control objectives, at most one from
each category. This either explicitly or implicitly defines how the
aircraft pitch and thrust are controlled. For example, choosing con-
stant Mach and idle thrust defines a descent segment that controls
speed using aircraft pitch. A certain number of flight segments can
be grouped together to form predefined flight profiles. In a flight
profile, each trajectory segment ends and the next segment begins
when a specific scalar condition is met. These conditions are called
capture conditions or termination conditions.'® If a constant Mach
segment is followed by a constant calibrated airspeed (CAS) seg-
ment, for example, the termination condition for the constant Mach
segment is to reach a specified CAS. In general, termination vari-
ables can be path distance, speed, altitude, time, etc. Typically, a
termination condition is one of the control objectives of the follow-
ing segment as in the preceding example. Figure 4 shows one of
the descent profiles used in CTAS trajectory synthesizer, called a
nominal profile.

In addition to the vertical control objectives, the lateral (horizon-
tal) motion must also be specified in one of several ways. Aircraft
that are equipped with an FMS or an inertial reference system can
track an inertial path along a series of waypoints. Unequipped air-
craft can track inertial paths when flying to or from a very high
frequency omnidirectionalrange station but in other cases can only
fly commanded aerodynamic headings.

The control objectivesare met in flight by active feedback control
from either the pilot or an autopilot. Actual feedback control laws
used on boardaircraftare very complicated,and models of pilotcon-
trol are difficult to obtain. In this paper, feedback control laws are
generated using dynamic inversion or feedback linearization %%
In this method, the difference between a control objective and the
actual aircraft variable, called tracking error, is differentiated until
a control variable appears. The number of differentiationsrequired
defines the order of the controllaw. Then a linear combinationof the

h
Level ¢ Mach
Crise onstant Macl
Constant CAS
Level  Cruise
Deceleration MF
Path Distance

Fig.4 Nominal descent profile.
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Reference (1)

! I
| | 1
| | i
T T ]
to ¢ ¢ t=t;

Fig.5 Multiple-segment trajectory.

trackingerror and its derivativesis formed with coefficients selected
to model reasonable frequencies of response for a pilot or autopilot.
For example, the objective of constant throttle can be expressed as
Kk = k;. Because this objective directly involves a control variable
K, the corresponding feedback control law is zeroth order and can
be expressedas G = k — k; = 0. The objective of constant Mach
can be expressed as M = M;. If the throttle is used to control the
speed, the corresponding feedback control law will be of first order
andis givenby G = M+ K (M —M,) = 0.If the speed is controlled
by pitch, on the other hand, the corresponding control law will
beof secondorderandis givenbyG =M + KM + K, (M — M) =
0. Symbolically, the resulting feedback control laws for a certain tra-
jectory segment can be expressed as

0=Glx,u,d),p] 21)

Boundary Conditions of Trajectory Prediction

Initial conditions for trajectory prediction are determined from
radar measurements or onboard navigation systems. These initial
conditions are typically given in terms such as pressure altitude,
Mach number, or CAS and must be converted into initial values of
the state variables used in the equations of motion. As a result, the
initial states are affected by external errors in the measurements.
A termination condition specifies the point at which one segment
connects with the next. In general, termination conditions are af-
fected by external errors as well. Together, the boundary conditions
of trajectory prediction for one segment, e.g., the first segment in
Fig. 5, can be expressed as

0 = Q[x(%), d(%), p] (22)
0=1vlx(),d®),p] (23)

Closed-Loop Sensitivities

Single-Segment Trajectory

Consider the first segmentin Fig. 5. Based on the preceding dis-
cussions, actual trajectories for a single trajectory segment are con-
tained in Egs. (20-23). These nonlinear equations can be numer-
ically integrated to obtain a trajectory. In particular, the reference
trajectoryx™(¢) discussedearliercan be found by setting the external
errors to zero,d(t) = O andp = 0:

x*=F@x*,u"0,0) (24)
0=Gx*, u*,0,0) (25)
0= Q[x*(%), 0,0] (26)
0=1vy[x"(1),0,0] (27)

Define the state variation at a fixed point in time by the differ-
ence between the perturbed trajectory and the reference trajectory
(Fig. 5):

Sx(t) 2x(t) —x*(t) (28)

To obtain an expression for éx(¢), Eqs. (20) and (21) are linearized
around the reference trajectory defined by Eqgs. (24) and (25):

bx = F.ox+ F,éu+ Fd+ F,p (29)

0=G,x+G,0u+G,d+G,p (30)
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where

_OF

ax x=x*u=u*,d=0,p=0

F,

X

s etc. 31D

Based on practical flight procedures, the control laws in Eq. (21)
can always be chosen so that the number of controls is equal to
the number of control objectives, and G, is invertible. As a result,
Eq. (30) leads to

Su=—G;'[G8x + G,d + G, p] (32)

Substituting Eq. (32) into (29) and collecting terms, we obtain

8x =F.8x + F,d+F,p (33)
where
F.2F, - F,G;'G, (34)
F,2F, — F,G;'G, (35)
F,2F,- F,G;'G, (36)

The initial state variation can be found by linearizing the initial
measurements in Eq. (22). Because 1, is given, 8x(fy) = dx(t):

0= 0Q.0x(t) + Qud(to) + @, p (37

Because the initial state conditions are determined uniquely by the
measurements, the matrix Q, must be invertible:

8x(tg) = = Q7' [Qud (1) + Q, p1 = Sjd(10) + 53 p (38

The final time of a segment can vary as the trajectory is perturbed
by external errors. Because the termination condition in Eq. (23) is
always satisfied at the end of a segment,

dy = ¢, dx(t) + Yad(t) + ¥, p =0 (39)
where
dx(t) 2 x(t; +dty) —x*(t) ~ Sx(t,) + F(t)dt;,  (40)
and
FEF@,u,0,0)lgeu.0.0=0 41

Substituting Eq. (40) into Eq. (39) and solving for df,, we have
dty = = [,8x () + Yad(t) + V7, p] (42)

where v = ¢, F(t)), and i is always nonzero for well-defined
capture conditions.!®

Equations (33), (38), and (42) represent a linear time-varying
system that describes the variations of differences between actual
andreferencetrajectoriescaused by externalerrors. These equations
can be used to study sensitivities and worst case disturbances or to
conductcovarianceanalysis. The derivationof terminal sensitivities
is presented next.

Terminal Sensitivities
At any time ¢, the solution of Eq. (33) can be expressed as

5x(t)=d>(t,t0)6x(t0)+/ @ (1, T)Fy(t)d(t) dt

0

+[/ q>(t,z)Fp(r)dz}p (43)

to

where @ (¢, 1) is the state transition matrix

d _
T 0) = Fo(. 1), o, 1) =1

Substituting Eq. (38) into Eq. (43) leads to

d(to)

sx(t) = D, 1) ™d(ty) + / @ (1, T)Fy(t)d(t) dt

to

t
+ [/ o1, 7)F,(r)dt + D (¢, tO)S;("’)i|p (44)
to
Of major interest are aircraft conditions at segment termination.
Therefore, we need to determine sensitivities of terminal aircraft
states with respect to external errors. From Egs. (40), (42), and (44)
we have

de () = A8x(0) = F()Y Yad () = F(1)y ¥, p

1
2 Sd (1) + / Syd(r)dr + S5 d(1) + Sip  (45)
to
where

A BT —F)y "y, (46)

and the terminal sensitivities are defined as

0 dx(tl)
x(t)) A x(t0)
= = AKCD 1, 1 S 47
(o) 8d(t0) ( ! 0) ( )

d(to)
X(fl)é 8dx(l‘l)
d(t) ad(‘f)

) o 9AX(H)
o0 o)

= A, ®(t), 1) Fy(r) <t <t (48)

—F )y (49)

8 dx(t n _
sy 2 250 Ax/ ®(h, ) F,(v) dt
ap
10
— F)y ™"y, + A0 (11, 1) S5 (50)

These terminal sensitivities measure state prediction errors for
when the terminal conditions are met. In particular, Sj((i')) represents
the sensitivity of the first segment final state to an impulsive dis-
turbance at time 7 forfy < T < #,. The dimension of $°“" is the

. . . X dj(t)
dimension of x; over that of d;, divided by time. '

Multiple-Segment Trajectory

Letususet;,i € (1,2,..., f), to denote reference segment tran-
sition times in a multiple-segment trajectory as shown in Fig. 5,
where f denotes the number of trajectory segments. In a multiple-
segment trajectory, the control objectives and the terminal condi-
tions can change discontinuously across trajectory segment bound-
aries. All quantities with a superscript i are valid only during the

appropriate segment, #; _; <t < t;. We have,fori =1,2,..., f,
0 =G'[x,u,d(),pl (51)
0= y'[x(1),d(1),p] (52)

Trajectory differences around a multiple-segment reference tra-
jectory over [, _, ;] are governed by

8x = Flox+ Fid(t) + Fl p (53)

Initial trajectory differences for the first segment are given by
Eq. (38).

A key step in the analysis of a multiple-segmenttrajectory is de-
termining the effects of segment transitions on error propagation.
In particular, the segment transition times can themselves change.
Figure 6 shows how the errors are recorded across a segment tran-
sition. Because the linear time-varying system for segment i ends
at the nominal time #;, the errors during the period between #; and
t; + dt; must be computed based on the conditions at time #; and
changes in the segment transition time. We have from Fig. 6

de(t) Zx(t +dr) — x* (1)

= ox(17) + F'(17) ey = sx () + F' (1) dy;
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x (¢; +dt)

Fiatyar,
""" T - dx(t;)

+
sx () &x (¢7)

Reference

x*(t;)

time

™~
ad
+
&

Fig. 6 Errors during segment transition.

As a result, the initial trajectory difference for segment (i + 1),
sx(t"), is given by

sx(tf) = ox(t7) + [F'(¢7) — F' ()] dn (54)

where x(¢;) is obtained at the end of segment i, and for i =
1,2,..., f,

F! (tii) S (). w (1), 0, 0]l wra.0.00=0  (55)
Fi(e5) 2 Flx* (6), w(1;). 0, 01lgi+ 1 e ), w iy, 0.0=0  (36)
Fi(tr) 20 (57)

Changes in segment transition times, for i =1,2, ..., f, are
given by

diy = =@ [wisx(i7) + vida) +vyp]  (58)
Define
& [F(r) = F(y) ]! (59)

Effects of segment transitions on trajectory differences can be
defined through the following sensitivity functions. For i=
1,2,..., f,

x(t) d (t’%)
s PYSTZERY
D (i)

[I>

=[1+cyioi(.5r)  (60)

i ti=1

98x (tl.+ )

Sx(ti+)
ad(t)

d(r:ti’,tlt, )

[I>

=[1+Cyi]e' (. 7) Fim)

tt, <t <t (61)

NOSIN 85x(t1.+)

) T Bd_(t,-) = Cil/f(i/ (62)
), 08x(t})
pliti—D) 8p
o B
=[1+ cfw;]/ @' (17, 7) Fi(r)dr + C'y) (63)
I

i—1
Finally, the sensitivities of trajectory differences at the final time
are defined by

x(ty) A 8dx(tf) _ L x(t/il) x(tf)
a0 T Tad(Ty H Sx(t/*) “Paei )

—f—1

i <t<t; (64)

x(tf) A adx(tf) _

Gl NG|
d(t;) ad(t) H Sx(tf) 'Sdm)

j=r-1

t €ty ty, ...ty (65)

;(’/)é adx(tf) _ Sx(t/) Sx(trfl) SX(tr)

ap W) () T )

x(t;) x(tr)

x(to)
S s:

x(tf) SX(’/+7|)

+ Sx t7,|) x(t?iz) e Sx(tr) p(ti,to) + U
X "'(+ ) X
+S(t/) t/,| +S(t/) (66)

x(¢F ) plf—1.tf—2) pltr.tp—1)

f-1

Then the multiple-segment terminal error can be described by
Y xap L )
dx(ty) = / Sy d@ydr+ Y syda) +5,"p (67)
to Jj=0

Equations (64-66) describe the sensitivity functions for the ef-
fects of the external errors on the final states, and Eq. (67) describes
how to use the sensitivity functions to compute the terminal error
for a given set of external errors. The first-order effects of moving
segment transition times are embedded in these relations.

Worst Case Errors and Covariance Analysis

Equation (67) can be used to determine the worst combination of
external errors that cause the largest deviation in a specified final
state, such as the final time. Because the final state deviation caused
by each external error source is independent in the linear expres-
sion of Eq. (67), the worst combination of external errors occur on
the bounds of each error source with appropriate signs to amplify
the final state deviation. In addition, the linear system defined by
Eqgs. (53), (38), (54), and (58) can be used to conduct covariance
analysis. Compared with the classical case where only input func-
tions are present,* the presence of uncertain parameters in Eq. (53)
requires some special treatment.’

Numerical Implementations

The preceding methods are coded in C. The control laws in
Eq. (51) are solved with a gradient search method to determine ap-
propriate control actions at the current state. The initial conditions
for trajectory prediction are determined from Eq. (22) using a gra-
dient search. Differential equations are solved numerically. Before
an integration step occurs, the termination condition for the current
segment in Eq. (52) is checked. If the termination condition would
be passed during the integration step, the time step is computed
to exactly meet the termination condition. The corresponding time
instants, t; fori =1, 2, ..., f, define the reference segment transi-
tion times. External errors cause the segment transition times in a
perturbed trajectory to be different from those in the reference tra-
jectory. For consistency, the reference segment transition times are
used for the linearized system analysis and derivation of sensitivi-
ties. In particular, the state transition matrices for differentsegments
are computed to these reference transition times.

Numerical Examples

A twin-engine Boeing 757-200 aircraft model is used for numer-
ical studies. The Boeing 757-200 aircraft has a typical weight of
150,000 1b at the start of descent. The aerodynamic drag model for
thisaircraftis the same model as is used in CTAS (as of 1995). Itis in
the form of equilibrium trim drag as a function of lift coefficient and
Mach, as given in Eq. (10). The engine model is based on the CF6-
6D and is in the form of thrust and fuel flow as functions of pressure
altitude, throttle setting, and air temperature*! The 1969 standard
atmosphere is used, and average wind is assumed to be zero.

The nominal descent trajectory shown in Fig. 4 is examined in
detail. This trajectory is chosen to represent a flight of 150 n mile
through a center airspace to a handoff to a TRACON facility at a
path distance defined as s =0 for convenience. We first consider
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Table1 Nominal descent profile

Segment number Control object 1 Control object 2 Segment terminal ~ End time, s

1 h, =FL350 - M=079 stop =79 n mile 561.9

2 M=0.79 h, =—3,300 fpm Veas =287 kn 629.1

3 Veas =290 kn k= idle hp = 10,400 ft MSL 1,208.9

4 hp =10,000 ft MSL k= idle Veas =250 kn 1,264.7

5 h, =10,000ft MSL  Vcas =250 kn s =0 n mile 1,296.5
Table2 Terminal sensitivity to parametric disturbances 40r

Terminal state error

Error Magnitude Vi, X7, hy, Weight, time,
source and units kn nmile ft 1b S
Weight; . 7000 1b 0 0 —11 7016 —-6.3
Thrust 500 1b —0.1 0 —18 101 —-10.6
Drag 5% 0.1 0 19 —101 11.0
Temp. 2°F 0.5 0 37 6 -3.5
Sea level press. 0.11in-Hg —0.1 0 86 -1 0.6
Tailwind 10 kn —0.1 0 —13 70 -39.2
Vert. wind 1 kn —0.1 0 —14 73 -7.8
Vemad 2 kn CAS 2.2 0 5 —13 —1.1
Mema 0.005 nondim. 0 0 -2 -2 -5.5
M pema 200 ft 0.9 0 201 7 -0.6
STOD 1 n mile 0 0 5 -7 3.7
Altim. set 0.1 in-Hg 0 0 0 0 —0.1

a speed-on-pitch control method, which fixes the throttles at idle
for most of the descent. This method of control is consistent with
manual pilot control using the stick and throttle or using the autopi-
lot/autothrottle. The segment terminations are specified in Table 1
and are chosen with considerationsfor the anticipationsthat the pilot
or the FMS performs during segment transitions. This has the effect
of switching the control laws to the next segment before the current
segment terminates. If these anticipations are not performed, there
will be overshoots in tracking the control objectives for some seg-
ments. Also, the initial portion of the descent (the second segment)
is chosen to mimic the way a pilot gradually reduces the throttle
to control speed as the descent rate increases. This is implemented
by choosing as control objectives the desired speed and an inertial
flight-pathanglethatis slightly shallower than thatin an equilibrium
idle descent at the desired speed. The end of the trajectory is based
on positionand the final segment of the trajectory is in level flight at
a specified altitude. In the current examples, only the vertical flight
segments are studied. The primary terminal trajectory deviations of
interest are the errors in the arrival time and the final weight (fuel
burn).

Figure 7 shows examples of a reference trajectory compared with
a perturbed trajectory, in which actual thrust is 500 1b less than
the reference thrust. Errors in altitude and Mach number gradually
increase as the aircraft descends, whereas calibrated airspeed errors
are well under control until toward the end. The final termination
conditionspecifies baro-correctedaltitude, path distance,and speed,
and the effects of thrust errors appear in the time of arrival and final
weightat the metering fix. In general, differencesbetween perturbed
andreferencevariablesthatare notdirectly controlled withina given
segment grow as a function of time, whereas variables specified
in segment control objectives stay the same in both perturbed and
reference trajectories. As the aircraft transitions from one segment
to another, differencesin some variables transfer into differencesin
other variables because of the change in segment control objectives.

Table 2 lists sources of external errors considered as paramet-
ric errors and the corresponding terminal sensitivities of several
state variable deviations. The sensitivity results presented in Table
2 are scaled by reasonable values of the external errors so that the
relative importance of the various errors can be compared. Essen-
tially, the results in Table 2 representelements of the S;(t’) matrix in
Eq. (67), convertedto a familiar set of unitsand scaled by reasonable
sizes of errors.

Some of the error sources in Table 2 can also be considered
as uncertain input functions, and the corresponding sensitivities

are described by S;((i;) in Eq. (67). Figure 8 shows the impulsive
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Table 3 Effects of control methods on final time sensitivity

Final time sensitivity (in seconds)

Speed CTAS FMS FMS FMS FMS
Error Magnitude on const. throttle throttle ground time-of-arrival
source and units pitch proc. fixed free speed control
Weight;, 7000 1b —6.3 —2.8 —9.5 —0.1 —0.8 0
Thrust 5001b —10.6 —4.6 —16.8 -0.3 0 0
Drag 5% 11.0 4.8 17.4 0.3 0 0
Temp. 2°F -3.5 -3.0 —43 —2.6 —0.1 0
SL press. 0.1 in-Hg 0.6 0.7 0.9 0.6 0 0
Tailwind 10 kn —39.2 —35.6 —46.6 —32.5 —1.1 —2.6
Vert. wind 1 kn -7.8 -33 —124 —0.2 0 0
Vemd 2 kn —1.1 —2.8 —0.2 —4.4 -5.9 —0.9
Mema 0.005 nondim. —5.5 —4.9 —6.8 —4.1 —_— e
R pema 200 ft —0.6 —0.9 —0.7 -1.6 —0.1 0
STOD 1 n mile 3.7 2.2 e e e
Altim. set 0.1 in-Hg —0.1 0.5 —0.6 0.6 0 0
Table 4 Worst case arrival time error
Worst case arrival time (in seconds)
Speed CTAS FMS FMS FMS FMS

Worst case on const. throttle  throttle ~ ground  time-of-arrival

error sources pitch proc. fixed free speed control

Parametric dist. only 93 68 119 49 9.6 3.5

Time-varying dist. 97 73 126 53 9.7 3.6
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Fig. 8 Final time sensitivity to time-varying winds.

sensitivities of the final arrival time with respect to horizontal and
vertical wind components. It is interesting to note that errors in hor-
izontal wind measurements after the top of descent have a larger
impact on aircraft time-of-arrival accuracy. The vertical wind acts
through altitude change to affect final arrival time. As a result, the
sensitivity of arrival time to vertical wind errors during the idle thrust
descent decreases with altitude.

The trajectory sensitivities for several different control methods
are comparedin Tables 3 and 4 to the speed-on-pitchcontrol method
shown earlier. The CTAS constrained procedure is a manual pro-
cedure that is similar to the speed-on-pitch method except toward
the end of the trajectory; it then models a homing procedure to
meet a desired bottom-of-descent altitude constraint at a metering
fix. A present day FMS uses the aircraft pitch to control the alti-
tude along a computed path. The throttles are fixed at idle if the
airspeed is close to or slightly higher than the desired speed and
becomes active if the airspeed drops much below the desired speed.
Two models of conventional FMSs are studied. In an FMS with
fixed throttles, the throttles are assumed to be fixed during the en-
tire descent flight. In an FMS with throttles free, it is assumed that
both throttles and speed brakes can be varied to follow the refer-

ence airspeed history. In addition, two concepts of advanced FMSs
are examined. The ground speed FMS controls the aircraft along a
planned ground speed profile. The time-of-arrival FMS adjusts the
airspeed command gradually to cross the metering fix at a desired
time. The ground speed control method may not be practical for
real implementations because it causes too much throttle activity
and airspeed variation, but it is shown here for comparison

Table 4 shows the time-of-arrival errors caused by worst com-
binations of external error sources. In particular, the worst case
time-of-arrival error with the speed-on-pitchcontrol method is 97 s,
assuming functional disturbances. If this is taken to be three stan-
dard deviations, we would have o =32 s. This is consistent with
flight test results of +=20 s of arrival time accuracy.

Discussions

As shown in Table 2, the tailwind error is the most significant
disturbance for time-of-arrival prediction with the speed-on-pitch
control method. Actually, the tailwind affects the final time simi-
larly for the first four control methods in Table 3 because all four
methods control to airspeed. In comparison, the ground speed FMS
and the time-of-arrivalFMS both well reject the tailwind disturbance
on final time, at the expense of fuel consumption 3¢ The thrust, drag,
weight, and vertical wind disturbances have moderate impact upon
final time errors for the first three control types. The other three
control types can reduce the sensitivities of final times to these dis-
turbances by modulating the throttles as appropriate. The altitude-
related disturbances (altitude tracking error, sea level pressure error,
and altimeter setting error) have little effect on the final time error
but are relevant when accurate control of altitude is important. Fi-
nally, the scaled temperature disturbancein this study does not have
a significant impact on the trajectory errors. However, there are oc-
casions when the temperature error may be much larger than 2°,
such as when the location of a weather frontal system is not pre-
dicted accurately. Table 4 shows the overall effectivenessof various
control methods in reducing final time sensitivity to external errors.

The selectionof control methods significantly affects the distribu-
tion of trajectory errors among different state variables. The CTAS
constrainedprocedureand the FMS throttles-freecontrolmethod are
similar; both aim for a desired bottom-of-descentpoint and have the
freedomto use throttles or speed brakes. With either type of control,
the time of arrival is less sensitive to external errors than with the
speed-on-pitchcontrol. The CTAS constrained procedure has larger
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altitude errors than the FMS during the middle of the descent, be-
cause the former is not tracking a stored path like the FMS control
types. The FMS controls the vertical path at the expense of airspeed
variations. As a result, the altitude history controlled by an FMS
with fixed throttles is very insensitive to errors, whereas effects of
errors are pushed from the altitude to the speed and arrival time.
The FMS with the throttles free is very insensitive in altitude and
has less time-of-arrival sensitivity than all of the three prior con-
trol types in Table 3. The enhanced FMS trajectories with ground
speed or time-of-arrival control are very insensitivein both altitude
and time of arrival. On the other hand, these two control methods
have higher final weight sensitivities (thus fuel weight) to some of
the disturbances. In summary, all types of FMS methods control
altitude very well, the FMS throttles-free method controls airspeed
well, and the FMS ground speed and time-of-arrival methods both
control final time well. The CTAS constrained procedure is similar
to the FMS throttles-free in the vicinity of the bottom of descent,
where the altitude and airspeed are well controlled.

The CTAS constrained procedure provides better control of the
final arrival time than the speed-on-pitch approach. For equipped
aircraft, the FMS with the throttles free provides a near-term solu-
tion for good arrival time control. Two approaches can be taken to
obtain this behavior from a conventional FMS. First, the pilot can
be instructed to monitor the airspeed actively during descent and to
use the speed brakes to prevent speed from building up, even before
the FMS puts up the message that drag is required. This effectively
promotes the throttles-fixed behavior of an FMS to the throttles-
free behavior. Second, the FMS descenttrajectory can be computed
with an off-idle throttle setting. This allows the throttles to retard
some during the descent if disturbances cause an increase in en-
ergy, thus maintaining automatic control of airspeed. This method
of computing a descent trajectory is already done in some FMSs in
aircraft today but would require modifications to most FMSs. Also,
this approach may not be practical on some aircraft because some
jetengine types cannot be controlled accurately at near-idle throttle
settings.

In general, the methods of trajectory predictionaccuracy analysis
discussed in this paper can be used in two ways. They can be used
to determine which disturbances contribute the most to trajectory
prediction errors and to understand which control methods are less
sensitive to disturbances.

Conclusions

This paper develops an efficient method for analyzing effects of
modeling errors on trajectory prediction accuracy in air traffic man-
agement and flight management systems. In particular, concepts
of closed-loop sensitivities for trajectory predictions are defined as
the relative changes of differences between actual and computed
trajectories with respect to modeling errors in the presence of pi-
lot/autopilot feedback control actions. Then modeling errors are
treated as disturbance inputs to aircraft equations of motion and are
mathematically represented as either uncertain parameters or time-
varying disturbances. Pilot/autopilot feedback controls that follow
flight procedures are modeled with feedback linearization. Aircraft
equations of motion together with control laws are linearized along
reference trajectories, and the resulting linearized system is used to
obtain expressions for closed-loop sensitivities.

The method is applied to the CTAS as well as FMSs. Possible
error sources in CTAS and FMSs are determined, and appropriate
magnitudes of these error sources are used. Several different types
of feedback control are analyzed, including speed-on-pitchcontrol,
a model of the CTAS constrained procedure, two models of con-
ventional FMSs, and two concepts of advanced FMSs. Examples in
this paper demonstrate that modeling errors manifest themselves as
errors in trajectory variables. Selection of different feedback con-
trol methods affects the distribution of error effects on different
variables. With the selected scales of various disturbances, the tail-
wind error represents the most significant disturbance to final time
predictions.

The proposed method provides semianalytical expressions for
closed-loop sensitivities, offers physical insight into the effects of
error sources, and is computationally fast.
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